This paper develops a novel numerical method for obtaining structures of rapidly rotating stars based on a self-consistent field scheme. The solution is obtained iteratively. Both rapidly rotating barotropic and baroclinic equilibrium states are calculated self-consistently using this method. Two types of rotating baroclinic stars are investigated by changing the isentropic surfaces inside the star. Solution sequences of these are calculated systematically and critical rotation models beyond which no rotating equilibrium state exists are also obtained. All of these rotating baroclinic stars satisfy necessarily the Bjerknes-Rosseland rules. Self-consistent solutions of baroclinic stars with shellular-type rotation are successfully obtained where the isentropic surfaces are oblate and the surface temperature is hotter at the poles than at the equator if it is assumed that the star is an ideal gas star. These are the first self-consistent and systematic solutions of rapidly rotating baroclinic stars with shellular-type rotations. Since they satisfy the stability criterion due to their rapid rotation, these rotating baroclinic stars would be dynamically stable. This novel numerical method and the solutions of the rapidly rotating baroclinic stars will be useful for investigating stellar evolution with rapid rotations.
INTRODUCTION
One of the most fascinating challenge in the stellar astrophysics is understanding the structures of realistic rotating stars and their evolution (for example, see Maeder & Meynet 2000; Langer 2012 ). According to recent observations, many stars display detectable rotations. In fact, massive stars in particular, such as B and O stars, tend to have clearly rapid rotation (e.g. Hunter et al. 2008) . Approximately 10 per cent of them have the rotational velocities which are larger than 300 km s −1 (Ramírez-Agudelo et al. 2013; Dufton et al. 2013 ). Such rapid rotational velocities can reach the critical velocity beyond which mass shedding due to rotation occurs and no equilibrium state exists (Maeder 2009 ), because the typical values of the critical velocities for 20 M⊙ star with solar metallicity are ∼ 300 km s −1 -600 km s −1 during the main sequence phase (Ekström et al. 2008) . The shape of these rapidly rotating stars is oblate due to the centrifugal force. Therefore, their outer layers cannot be well described by ⋆ E-mail: fujisawa@heap.phys.waseda.ac.jp spherical models due to their fast rotation and so non-spherical models are required to describe them. The structures of realistic rotating stars are described by using many realistic physical properties and processes such as viscosity, inhomogeneous chemical composition and meridional flows (not considered in this paper). In general, the surfaces of equal density (isopycnic surfaces) and equal pressure (isobaric surfaces) do not coincide due to these physical properties and processes, i.e. the stars becomes baroclinic. Fig. 1 displays two examples of rapidly rotating baroclinic stars. The isopycnic surfaces (solid curves) are inclined to the isobaric surfaces (dashed curves). The isopycnic surfaces are more oblate than the isobaric surfaces in the left model, while the isobaric surfaces are more oblate than the isopycnic surfaces in the right model. Therefore, the value of the density on the isobaric surface varies in the baroclinic star. On each isopycnic surface, the density in the left model increases from the pole to the equator, while the density in the right model decreases from the pole to the equator. These two models are different classes of baroclinic stars explained in detail in Sec. 2.1.
c 0000 RAS The baroclinicity is characterized by the angle between isopycnic surfaces and isobaric surfaces. It is assumed that the system is stationary and axisymmetric and the star does not have magnetic field and meridional flow, the Euler equation of the rotating star is
where ρ, p, φ and Ω are, respectively, the density, the pressure, the gravitational potential and the angular velocity of the star. Cylindrical coordinates (R, ϕ, z) are utilized in this equation. The ϕ component of the curl of this equation is
If the isopycnic surfaces and the isobaric surfaces coincide, i.e. the pressure depends on the density only, the star is barotropic (p = p(ρ)) and the left-hand side of the equation vanishes. The rotation of the barotropic star is rigid (Ω = Ω0, constant) or cylindrical (Ω = Ω(R)) because the centrifugal force can be derived from a rotational potential (e.g. Eriguchi & Mueller 1985; Hachisu 1986a,b; Maeder 2009; Fujisawa 2015) as
where φrot. is the rotational potential that is an arbitrary function of R. If the isopycnic surfaces are inclined to the isobaric surfaces, the left-hand side of equation (2) does not vanish. The angular velocity distributions in the baroclinic stars are no longer constant and cylindrical due to the differences between isopycnic surfaces and isobaric surfaces. The situation is completely different from baroclinic star. Therefore, baroclinicity is an important component to consider in order to investigate such realistic rotating stars and their evolution. Nevertheless, only a few works have succeeded in obtaining baroclinic equilibrium states with rapid rotation selfconsistently because it is difficult to calculate and analyse baroclinic stars. If it is assumed that the star is barotropic, the rotation becomes cylindrical and the centrifugal force can be derived from the potential in equation (3). Therefore, the first integral of the Euler equation can be obtained analytically as dp ρ = −φ + φrot. + C,
where C is the integral constant. Since the system is barotropic (p = p(ρ)), the integral of the left-hand side of this equation can be also calculated. This first integral of the Euler equation is used by many previous works for obtaining rapidly rotating barotropic stars (e.g. Eriguchi & Mueller 1985; Hachisu 1986a,b) . In contrast, the situation of the baroclinic star is more complicated. If the star is baroclinic, the first integral of the Euler equation cannot be obtained analytically because the centrifugal force cannot be derived from a rotational potential and the distributions of the angular velocity must be calculated self-consistently by solving equation (2). In order to avoid this difficulty, many previous works treated rotating baroclinic stars as slowly rotating stars by using perturbative methods (Roxburgh et al. 1965; Roxburgh & Strittmatter 1966; Faulkner et al. 1968; Clement 1969; Sackmann & Anand 1970; Kippenhahn & Thomas 1970; Monaghan 1971; Sharp et al. 1977) . Others calculated self-consistent rotating equilibrium states, but treated rotating stars as pseudo-barotropic, i.e. isobaric surfaces and isopycnic surfaces are not inclined (Jackson 1970; Papaloizou & Whelan 1973; Eriguchi & Mueller 1991; Jackson et al. 2005) . Although these studies considered the thermal balance of a rotating star in these works, the isothermal surfaces are also isobaric and so the system is essentially barotropic. Only a few works succeeded in obtaining rapidly rotating baroclinic stars self-consistently. Uryu & Eriguchi (1994) investigated self-consistent rotating baroclinic equilibrium states. They discretized all basic equations of fully radiative stars and calculated them simultaneously by using Straight-Forward Newton-Raphson scheme (Eriguchi & Mueller 1985) . The numerical code was extended by Uryu & Eriguchi (1995) and more realistic stars with a convective core and radiative envelope were calculated. Roxburgh (2006) obtained self-consistent rotating baroclinic stars with shellular rotation using an iterative method (Roxburgh 2004 ). Roxburgh (2006) did not adopt a particular equation of state and did not solve a thermal balance equation. Instead, both density and pressure distributions were obtained independently and calculated iteratively by fitting the radial profile of the angular velocity. Espinosa Lara & Rieutord (2007) succeeded in obtaining self-consistent rotating baroclinic stars with viscosity and meridional flows by using a pseudo-spectral method (cf. Rieutord 1987) . In their numerical code, the physical variables are projected on to the spherical harmonics and solved iteratively via a generalized algorithm for polytropic stellar models (Bonazzola et al. 1998 ). More recently, the numerical code was improved and many realistic and complex solutions were obtained by Espinosa Lara & Rieutord (2013) . Very recently, Yasutake et al. (2015) developed a new formulation and numerical method based on the Lagrangian variational principle to obtain rotating self-gravitating configurations. They were able to obtain both rotating barotropic and baroclinic equilibrium sates consistently by using their new method.
These studies have improved self-consistent rotating baroclinic models, but the basic understanding of rotating baroclinic stars is still unclear because there are only the few solutions of such stars that were developed in the aforementioned works. Many solution sequences and systematic studies are required to improve the understanding of rotating baroclinic stars and their evolution. Simple and powerful numerical methods are needed to systematically obtain solution sequences. As a first step towards realistic rotating stars and their evolution, this paper investigates a versatile numerical method for systematically obtaining structures of rapidly rotating baroclinic stars as well as solutions for baroclinic rotating stars. A simple equation of state is adopted in this paper in order to obtain rotating baroclinic stars easily and systematically. Some previous self-consistent works adopted complex thermal balance equations, but the rotating baroclinic equilibrium state itself is determined without any explicit thermal balance equation (Roxburgh 2006; Yasutake et al. 2015) . The mechanical structures themselves are determined independently from assumed or additional thermal structures which are totally independently and freely introduced to mechanical structures in Newtonian gravity. It should be noted that the mechanical part and the thermal part cannot be separated in general relativistic situations because the total energy density is one of the source c 0000 RAS, MNRAS 000, 000-000 of the gravity in the Einstein equations . Therefore, in the Newtonian gravity framework, we can obtain rotating baroclinic stars systematically even when we ignore the thermal balance equation. This paper adopts a simple equation of state as a baroclinic equation of state, but a realistic equation of state could also be easily integrated into the method. This new method can calculate rapidly rotating baroclinic stars easily. The remainder of this paper is organized as follows. Section 2 describes the formulation of the rotating baroclinic star and numerical scheme of the new method. Section 3.1 verifies the accuracy of the numerical results and compares them with results obtained via another numerical scheme. The numerical results and solution sequences are displayed in Section 3.2. Discussion is given in Sections 4.1 and 4.2. The paper is summarized in Section 4.3.
FORMULATION AND NUMERICAL METHOD
The formulation and details of the numerical method are described in this section. The formulation of rotating baroclinic stars is summarized in Section 2.1. The remainder of this section focuses on explaining the new numerical scheme briefly. Both spherical polar coordinates (r, θ, ϕ) and cylindrical coordinates (R, ϕ, z) are utilized in the formulation, but spherical polar coordinates are employed in the actual numerical code.
A formulation of rotating baroclinic stars
It is assumed that the system is in a stationary state and the configuration is axisymmetric about the rotational axis. It is also assumed that the configuration is equatorially symmetric. Both meridional flow and magnetic field are neglected in this paper. Although the meridional flow plays important role for secular transport processes in stellar interiors (e.g. Mathis 2013), the typical time-scale of the meridional flow is much longer than the dynamical time-scale of the star. It is almost negligible to consider the mechanical structures of the rapidly rotating star in equilibrium. Under these assumptions, the basic equations that describe the rotating baroclinic star are the Euler equations
the integral form of the Poisson equation
and a baroclinic equation of state
where ρ, p, φ, Ω, G, and X are, respectively, the density, the pressure, the gravitational potential, the angular velocity, the gravitational constant and a scalar function that characterizes a baroclinicity such as temperature T or specific entropy s. In this paper, the following analytic form of a simple equation of state is adopted:
where ǫ, a0, b0, K0, m are parameters. K is related to the specific entropy of the star. If we assume the ideal gas star (p ∼ T ρ), then K is proportional to the specific entropy (K ∝ exp(s)) and the distribution of K represents the distribution of the specific entropy. If the K at the equator is lager than at the pole, the surface temperature is hotter at the equator than at the pole. If the K at the equator is smaller than that at the pole the surface temperature is cooler at the equator than at the pole. Although this equation of state is simple, two types of rotating baroclinic stars in Fig. 1 are obtained by this equation of state. Spherical isentropic (constant entropy) and oblate isentropic models were investigated by fixing the values of a0 and b0 of this analytic form of K, noting that the isentropic surfaces becomes spherical when a0 = b0 and oblate when a0 > b0 respectively. The spherical isentropic model has the spherical isentropic surfaces and the oblate isentropic models has the oblate isentropic surfaces. These two types of isentropic models become two types of rotating baroclinic models in Fig. 1 . The value of ǫ denotes the degree of baroclinicity. If we fix ǫ = 0, the system becomes barotropic since K becomes constant and p is a function of ρ (p = p(ρ)). However, if we choose ǫ = 0, then K is no longer constant and the system becomes baroclinic. As the absolute value of ǫ increases, the baroclinicity of the star also increases. As we will see in Section 3, this simple equation of state systematically provides various rotating baroclinic stars by fixing the parameters in this ways. Since the isentropic surfaces are oblate in the oblate isentropic model, the K at the equator is smaller than at the pole. Therefore, the surface temperature of the oblate isentropic model is hotter at the pole than at the equator. From a observational point of view, the surface temperatures of the rapidly rotating early type stars are hotter at the poles than that at the equator (e.g. α Leonis observed by Che et al. 2011 ) by the gravitational darkening (von Zeipel 1924) . Therefore, the oblate isentropic model might be favoured in massive stars, but both spherical and oblate isentropic models were calculated to obtain various rotating baroclinic stars systematically in this paper.
The ϕ component of the curl of the Euler equation is used in this numerical method instead of the θ component of the Euler equation (equation 6), i.e.,
Using cylindrical coordinate, this equation can be rewritten as
Therefore, we can solve the distribution of Ω by imposing a boundary condition on Ω at the equatorial surface and integrating these equations directly. In this paper, we impose the following boundary condition on Ω at the equatorial surface:
where j0, A are constants. This is a j-constant rotation law (Eriguchi & Mueller 1985) . The physical quantities are transformed to dimensionless ones for the actual numerical computations using the central density ρc and the equatorial radius re as follows:
where hatˆdenotes a dimensionless quantity. Note that the dimensionless value of the central density is unity in this form sincê
The dimensionless pressure is obtained by the dimensionless form of the equation of state aŝ
whereǫ,â0 andb0 are dimensionless parameters. Thus, the central pressurepc can be obtained aŝ
The value ofK0 is determined to ensure a unity distance from the centre to the equatorial surface of the star (Tomimura & Eriguchi 2005 ). All equations are also transformed to be dimensionless. For instance, the profile of the angular velocity (equation 12) is transformed aŝ
whereĵ0 andÂ are dimensionless parameters.Â denotes the degree of the differential rotation. In summary, the dimensionless forms of equations (5), (7) and (10) have been defined with the dimensionless equation of state (equation 19) for the actual numerical calculation.
Numerical scheme
Next, the numerical scheme of the new method are described briefly. The details of the numerical scheme is described in Appendix A. The numerical scheme adopts a self-consistent field iteration scheme (Ostriker & Mark 1968) . The gravitational field and all physical quantities are calculated iteratively in the self-consistent field scheme. In particular, the numerical schemed of the new method is based on Hachisu's SelfConsistent Field (HSCF) scheme (Hachisu 1986a,b) , which is a well-established numerical method for calculating rapidly rotating barotropic equilibrium states. However, the HSCF scheme cannot calculate rotating baroclinic stars because it uses the first integral of the Euler equation (equation 4). In contrast, the numerical scheme of the new method uses the c 0000 RAS, MNRAS 000, 000-000 differential forms of the Euler equations (equations 5, 10) and can calculate rotating baroclinic stars self-consistently.
The new method calculate these equations explicitly (Appendix A), while the previous studies for rotating baroclinic stars (Uryu & Eriguchi 1994 , 1995 Espinosa Lara & Rieutord 2007 , 2013 adopted implicit calculations (e.g. Newton Raphson method) or spectral-type method to solve these equations numerically. Since the implementation of the explicit method is much easier than those of the implicit method and spectraltype method, the implementation of the new scheme is much easier than those of the previous works. We can calculate rotating baroclinic stars easily and stably by using the new scheme.
Following the previous works, the axis ratio is fixed during iteration cycles in the numerical scheme (Eriguchi & Mueller 1985; Hachisu 1986a,b) . The axis ratio q is defined as
where req. and r pol. are the equatorial radius and the polar radius of the star, respectively. Extremely rapidly rotating stars can be obtained stably by fixing the axis ratio q (Eriguchi & Mueller 1985; Hachisu 1986a ).
NUMERICAL RESULTS
Numerical results obtained by our novel method are displayed in this section. The accuracy of the method is verified in Section 3.1.1. In Section 3.1.2, numerical results are compared with results obtained via previous method to confirm the numerical results. Two types of rotating baroclinic sequences are investigated by fixing the functional forms of the baroclinic equation of state with these new solutions displayed and discussed in Section 3.2.
Accuracy verification

Virial test
Numerical accuracy and convergence checking are important when investigating a new numerical method. To check the numerical accuracy, a relative value of the virial relation was computed as follows:
where T , Π and W are, respectively, the rotational energy, the total pressure of the star and the gravitational energy with
A numerical domain is defined as 0 ≤r ≤ 2 in the radial direction and 0 ≤ θ ≤ π/2 in the angular direction. The number of the grid points in the r direction withinr ∈ [0, 1] and that in the θ direction within θ ∈ [0, π/2] are defined as Nr + 1 and N θ , respectively. The numerical domains are discretized into mesh points with equal intervals ∆r and ∆θ (equations A1 and A2). Therefore, the total mesh number is 2Nr × N θ + 1 in the computations. N θ = 129 was fixed during the test computations and the value of Nr was changed. Both barotropic (ǫ = 0) and baroclinic (ǫ = −0.05) solutions were calculated with q = 0.9,â0 =b0 = 1.0 and N = 1.5. The same model was also calculated using previous codes based on HSCF scheme (Fujisawa et al. 2012; Fujisawa & Eriguchi 2013; Fujisawa 2015) for comparison. Fig. 2 displays the convergence of the numerical results obtained via each numerical method. The lines denote the rotating baroclinic solutions using the new method (solid line), the rotating barotropic solutions using the new method (dashed line) and the rotating barotropic solutions using the HSCF scheme (dotted line). As seen in Fig. 2 , the values of VC become smaller as the grid number in the r direction increases. Both the barotropic (dotted line) and baroclinic (dashed lined) solutions obtained by the new method converged well. Although the values of the VC obtained by the new method are slightly larger than that obtained by HSCF scheme, they are sufficiently small and the solutions converged well (see Hachisu 1986a,b) . Therefore, the numerical results by the new method are accurate and the numerical accuracy can be considered verified. In actual numerical calculations, which are tabulated and displayed in this paper, Nr = 512 and N θ = 257 are used.
Comparison with HSCF scheme
Next, the solutions obtained by the new numerical method were compared with those obtained by HSCF scheme to confirm the results. The baroclinic parameter was set asǫ = 0 to calculate the rotating barotropic equilibrium states by the new method. The same parameters (N = 1.5 andÂ = 0.9) were used and seven models of rotating barotropic equilibrium states were calculated via both the new method and HSCF scheme. The seven solutions by each code are tabulated in Table 1. The left part of the table contains the numerical results obtained by the new method and the right one contains those obtained by HSCF scheme. The ' * ' in the table denotes the critical rotation model beyond which no rotating equilibrium state exists (Eriguchi & Mueller 1985; Hachisu 1986a) . The isopycnic surfaces of the critical models are displayed in Fig.  3 .
As seen in Table 1 , the numerical results of the new method (left-hand side) are almost the same as those of the HSCF scheme (right-hand side). Although the values ofĵ 2 0 are slightly different the values ofK0 and T /|W | are almost identical. The critical rotation model was also obtained using the new method. Fig. 3 shows the isopycnic surfaces of the critical rotation models obtained by the new method (left-hand panel) and the HSCF scheme (right-hand panel). These isopycnic surfaces are almost identical as seen in the figures. The solutions of the critical rotation models have cusp structure at the equatorial surface (see right-hand panel). The cusp structure is calculated correctly by the new method (left-hand panel). Thus, the new method can calculate rapidly rotating barotropic stars correctly and accurately. The reliability of the new method is thus confirmed by this comparison with HSCF scheme. Table 1 . Physical quantities obtained by applying the new numerical method (left-hand) and the HSCF scheme (right-hand). The same parameters in both codes were used in both codes (N = 1.5,Â = 0.9). The solutions with '*' denote the critical rotation models beyond which no rotating equilibrium state exists. 
Rapidly rotating baroclinic equilibrium states
Finally, the rapidly rotating baroclinic equilibrium states were calculated using the new method. Two types of rotating baroclinic models were developed: a spherical isentropic surfaces model and an oblate isentropic surfaces model. The solution sequences of these two models were calculated systematically and the critical rotation solutions of these models were obtained via the new method. The Bjerknes-Rosseland rules, which must be satisfied by rotating baroclinic stars (c.f. Tassoul 1978), were checked, and all of the solutions were found to them.
Spherical isentropic surfaces model (â0 =b0)
First, the rotating baroclinic stars with spherical isentropic surfaces were calculated as one of the simplest baroclinic models. The parameters of the equation of the state were fixed aŝ a0 =b0 = 1.0 to make a spherical isentropic surfaces. Two solution sequences (solutions (s1-) and (s2-)) with different m were calculated by changing the value of q, and ten solutions (solutions (s1-a)-(s1-e) and (s2-a)-(s2-e)) and two baroclinic critical rotation solutions (solutions (s1-f) and (s2-f)) were obtained. The physical quantities of the numerical results are tabulated in Table 2 . The solutions with '*' in Table 2 denote the critical rotation models. The structures of the solutions and distributions of the physical quantities are displayed in Fig. 4 with solution (s2-a) in the left-hand column, (s2-f) in the central column and (s1-f) in the right-hand column. From top to bottom, the four rows in Fig. 4 correspond to the isopycnic surfaces (solid curves) and isobaric surfaces (dashed curves) in the first row, the angular velocity isosurfaces in the second row, theK isosurfaces (contours) and the value ofK (colour maps) in the third row and theK isosurfaces (contours) and the value of the dimensionless specific angular momentumĵ in the fourth row. The isopycnic surfaces and isopycnic surfaces of solution (s2-e) are also displayed in the left-hand panel of Fig. 1 to check the baroclinicity easily. Note that Fig. 1 shows the arbitrary seven isosurfaces and does not indicate the distributions of density and pressure.
As seen in the isobaric surfaces (solid curves) and the isopycnic surfaces in the left-hand panel of Fig. 1 , the isobaric surfaces are always more oblate than the isopycnic surfaces. This tendency is also found in the first row in Fig. 4 (particularly solution s2-f). This baroclinicity comes from the entropy distributions inside the star. The third row shows theK isoc 0000 RAS, MNRAS 000, 000-000 surfaces (contours) and the values ofK (colour maps). TheK isosurfaces are spherical due to the functional form of equation (19). If we assume that the baroclinic ideal gas stars, these solutions have spherical isentropic surfaces because the specific entropy s is proportional toK and theK isosurfaces denote the isentropic surfaces. The distributions ofK in Fig. 4 indicate that the specific entropy increases outward and the equatorial specific entropy is higher than the polar specific entropy. Therefore, the surface temperature is colder at the poles than at the equator.
The second row shows the angular velocity (Ω) distributions. The equatorial angular velocity decreases outward because the profile of the angular velocity on the equatorial plane is fixed as equation (19) . On the other hand, the angular velocity on the rotational axis increases from the centre to the surface (∂Ω/∂ẑ > 0). Moreover, the values of ∂Ω/∂ẑ are always positive inside the star. The angular velocity distribution of a barotropic star is always purely cylindrical (Fig. 3) , but baroclinicity causes the angular velocity distribution of a baroclinic star to not be cylindrical. The distribution is determined by the inclination angle of the isobaric and the isopycnic surfaces of the rotating star (equation 10). According to the Bjerknes-Rosseland rules, the value of ∂Ω/∂z is always positive if the isobaric surfaces are more oblate than the isopycnic surfaces and the surface temperature is colder at the poles than at the equator (Tassoul 1978) . All of these rotating baroclinic stars satisfy this rule correctly. The fourth row shows thê K isosurfaces (contours) and the specific angular momentum j = (r sin θ)
2 Ω distributions (colour map). As seen in these panels, the specific angular momentum on eachK isosurface (s = constant surface) increases as we move from poles to the equator.
The axis ratios q of both critical models are slightly larger than that of the rotating barotropic model (Table 1) . From top to bottom, the four rows of figures correspond to the isopycnic surfaces (solid curves) and isobaric surfaces (dashed curves) (first row), the angular velocity isosurfaces (second row), theK isosurfaces (contours) and the value ofK (colour maps) (third row) and theK isosurfaces (contours) and the value of the dimensionless specific angular momentumĵ (fourth row). The difference between the two adjacent contours is 1/10 of the difference between the maximum value and the minimum value. c 0000 RAS, MNRAS 000, 000-000 right-hand panels in Fig. 4 shows the critical rotation model with m = 2 (central panels) and m = 1 (right-hand panels). Although the isentropic surfaces of m = 1 (s1-f) are more concentrated than those of m = 2 (s2-f), the angular velocity distributions are similar. The parameter m does change the distributions of the angular velocity very much. Therefore, the shape of the isentropic surfaces is more important for determining the distribution of the angular velocity. Summarizing the above, the rotating baroclinic stars have spherical isentropic surfaces and the isobaric surfaces are more oblate than the isopycnic surfaces due to the entropy distribution. Such baroclinicity changes the angular velocity distributions and the value of ∂Ω/∂z is always positive inside the star. This condition itself is one of the Bjerknes-Rosseland rule itself (Tassoul 1978) . Therefore, all of these rotating baroclinic stars satisfy the Bjerknes-Rosseland rules.
Oblate isentropic surfaces models (â0 >b0)
Next, a rotating baroclinic star was calculated with oblate isentropic surfaces. The parameters of the equation of the state were fixed asâ0 >b0 in order to obtain the oblate isentropic surfaces inside the star. A solution sequence with m = 2 was calculated by changing the value of q, and five solutions As seen in the isobaric surfaces (solid curve) and the isopycnic surfaces (dashed curves) in the right-hand panel of Fig. 1 the isopycnic surfaces are always more oblate than the isobaric surfaces. This tendency is also found in the first row in Fig. 5 (particularly solution (o-c) ). This is the opposite situation to the spherical isentropic models seen in the previous subsection because the entropy distributions near the stellar surfaces are different from each other. The third row shows thê K isosurfaces (contours) and the values ofK (colour maps). The specific entropy in these models also increases outward, but the equatorial specific entropy is lower than the polar specific entropy. These entropy distributions mean that the surface temperature is hotter at the poles than at the equator. This distribution of the specific entropy is opposite to that of the spherical isentropic model. The distribution of the angular velocity is also opposite to that of the spherical isentropic model. The second row in Fig. 5 shows the angular velocity distributions. The values of ∂Ω/∂ẑ are always negative because of the entropy distributions. This tendency is also in contrast to the spherical isentropic model. According to the Bjerknes-Rosseland rules, the value of ∂Ω/∂z is always negative if the isopycnic surfaces are more oblate than the isobaric surfaces and the surface temperature is hotter at the poles than at the equator (Tassoul 1978) . All of these rotating baroclinic stars also satisfy the rules. The shapes of the angular velocity isosurfaces are interesting because they are clearly shellular-type (Fig. 5) . In particular, those of solution (o-a) are almost perfectly shellular ones. Although their shapes are deformed by the rapid rotations, solutions (o-c) and (o-f) also have shellular-type rotation. The fourth row in Fig. 5 shows theK isosurfaces (contours) and the values of the specific angular momentumĵ (colour maps). The specific angular momentum on each isentropic surface also increases as we move from poles to the equator in these models. Table 3 shows the solution sequence with the oblate isentropic surfaces. The critical rotation model (solution (o-f)) was obtained with the oblate isentropic model. The axis ratio of solution (o-f) is larger than that of the barotropic critical rotation and the energy ratio T /|W | is smaller than that of the barotropic one. The axis ratio is also larger than those of solutions (s2-f) and (s1-f). The right-hand panels in Fig. 5 show the critical rotation model (solution (o-f) ). The shellular-type rotation is realized even if the stellar rotation is as rapid as critical rotation.
Summarizing the above, these rotating baroclinic stars have oblate isentropic surfaces, and the isopycnic surfaces are more oblate than their isobaric surfaces due to the entropy distributions. Such baroclinicity makes angular velocity similar to that observed for shellular-type rotation, and the value of ∂Ω/∂z always negative inside the star. This condition is also one of the Bjerknes-Rosseland rules (see e.g. Tassoul 1978) . Therefore, all of these rotating baroclinic stars satisfy the Bjerknes-Rosseland rules.
DISCUSSION AND SUMMARY
Stability of rotating baroclinic stars
Stability analysis is an important problem to investigate for realistic rotating stars. Many types of instabilities are known to occur in rotating baroclinic stars, but we restrict ourselves to the consideration of instabilities arising from the stellar rotation in this paper. In particular, we focus on the dynamical instability due to the rotation that occurs because the timescales of the shear instability arising from the differential rotation and the thermal instability (e.g. Goldreich & Schubert 1967) are much larger than that of the dynamical instability. We consider stability criteria derived from linear perturbation theory for rotating baroclinic stars.
The stability criteria of rotating stars are characterized by the specific angular momentum (j = ΩR 2 ) distributions. According to the Høiland criterion, a baroclinic star in permanent rotation is dynamically stable with respect to axisymmetric motions if and only if the two following conditions are satisfied: (i) the specific entropy s never decreases outward, and (ii) on each surface s = constant (specific entropy constant), the angular momentum per unit mass (specific angular momentum j) increases from the poles to the equator (Tassoul 1978) .
The thermal structures are totally independently and freely introduced to the mechanical structures in Newtonian gravity, because the thermal structures are obtained by assuming and adding thermal balance equations. If the ideal gas is adopted as one of the simplest equation of state, the specific entropy is determined and becomes proportional toK. As seen earlier in this paper, the specific entropy never increases outward in all of the rotating baroclinic solutions in this paper. c 0000 RAS, MNRAS 000, 000-000 Therefore, all of the rotating baroclinic stars in this paper satisfy condition (i). The profiles of j on s = constant surfaces (K constant surfaces) are displayed in bottom panels in Figs. 4 and 5. As shown in these panels, the specific angular momentum on isentropic surface never decreases in both barotropic models. All of the rotating baroclinic stars in this paper also satisfy condition (ii). Therefore all of the rotating baroclinic stars satisfy the Høiland criterion. They are dynamically stable configurations against dynamical instability due to rotation. Further analysis of baroclinic rotating stars with realistic equations of state would be interest, but thermal balance (energy equation) must be solved to obtain the baroclinic stars with realistic equation of state. It is beyond the scope of the present paper. We will construct realistic rotating baroclinic models using this new numerical method and systematically analyse their stability in future works.
Shellular rotation
Many stellar evolution codes for rotating stars have adopted shellular rotation as one of their rotation models (e.g. Talon et al. 1997; Heger et al. 2000; Mathis et al. 2004; Maeder & Meynet 2005; Potter et al. 2012a,b; Takahashi et al. 2014) . The first shellular rotation model was formulated and derived by Zahn (1992) using a perturbative approach. When the turbulence is anisotropic with stronger matter transport in the horizontal directions than in the vertical, shellular rotation is realized (Zahn 1992) . As a result, the horizontal-dependence of the angular velocity disappears and the angular velocity depends on only the distance from the centre of the star. This kind of shellular rotation was adopted as an initial rotation profile of core-collapse supernova simulations (e.g. Yamada & Sato 1994) . However, nobody had successfully investigated self-consistent configurations of rapidly rotating stars with shellular rotation systematically because of the difficulty of obtaining rotating baroclinic stars. Some previous works showed self-consistent rotating baroclinic stars with non-cylindrical rotations (Uryu & Eriguchi 1994; Uryu & Eriguchi 1995; Espinosa Lara & Rieutord 2007; Espinosa Lara & Rieutord 2013) , but their rotation distributions were far from shellular. On the other hand, Roxburgh (2006) calculated rotating baroclinic stars by fixing the distribution of the shellular rotation, but neither calculated solutions systematically nor obtained critical rotation models. Kiuchi et al. (2010) investigated multi-layered configurations in differentially rotational equilibrium. While they did obtain rapidly rotating solutions systematically, they calculated rotating barotropic stars only.
In contrast, this paper has investigated rapidly rotating baroclinic stars systematically as in Section 3.3. The oblate isentropic surfaces models were found to have shellular-type angular velocity distributions. The equatorial surface temperature of the rotating baroclinic star is hotter than the polar temperature. These kinds of entropy and temperature distributions generate shellular-type rotation. Shellular-type rotation is realized even if the star has very rapid rotation. Solution (o-f) is a critical rotation model and its distribution of the angular velocity is shellular-type (Fig.5 ). These are the first self-consistent and systematic solutions of the rapidly baroclinic stars with shellular-type rotations. These shellular-type rotating stars are dynamically stable as they all satisfy the Høiland criterion as seen in Section 4.1. This kind of shellular-type rotation would be realized in many rapidly rotating stars.
Summary
A versatile numerical method for obtaining structures of rapidly rotating baroclinic stars was investigated. The novel numerical method was based on the self-consistent field scheme and the solution was obtained iteratively. Both rotating barotropic and baroclinic stars were calculated systematically by using the new method. The accuracy of the new method was verified by checking the convergence of numerical results. The relative values of the virial relation were small and converged well. Further, the solutions from the new method and those obtained by the HSCF scheme, a well-established numerical scheme, were compared, and the solutions were very similar.
Two types of rotating baroclinic stars -spherical isentropic surfaces models and oblate isentropic surfaces models -were investigated by fixing functional forms of a simple baroclinic equation of state. Solution sequences of both models were calculated systematically and the critical rotation models were also obtained. All of the rotating baroclinic stars satisfy the Bjerknes-Rosseland condition. In the spherical isentropic surfaces model, the isobaric surfaces are more oblate than the isopycnic surfaces and the values of ∂Ω/∂z are always positive throughout the star. In the oblate isentropic surfaces model, on the other hand, the isopycnic surfaces are more oblate than the isobaric surfaces and the values of ∂Ω/∂z are always negative throughout the star. The baroclinic star with shellular-type rotation was found to be realized when isentropic surfaces are oblate and the equatorial surface temperature of the rotating baroclinic star is hotter than the polar temperature if it is assumed that the star is the ideal gas star. The shellular-type rotation is realized even if the rotation is as rapid as possible. These are the first self-consistent and sys-tematic solutions of the rapidly rotating baroclinic stars with shellular-type rotations.
The Høiland criterion of the rotating baroclinic stars was checked, with all solutions in this paper satisfying the criterion. Therefore, these rotating baroclinic star are stable against the dynamical instability due to the rotation. Realistic rotating baroclinic stars with a realistic equation of state are needed to investigate the evolution of the rapidly realistic rotating stars. Further works may extend the numerical method and calculate realistic rotating baroclinic stars. spectively aŝ
Physical variables are defined at the cross point of two mesh lines, i.e., ρi,j =ρ(ri, θj).
Before the first iteration cycle, a one-dimensional spherical non-rotating barotropic star is used as the initial guess for two-dimensional rotating star. The value ofK0 is determined to make the radius of the 1D spherical star unity. The values ofK0 and the 1D star are used for the iteration.
We start the iteration cycle after the initial guesses are obtained. First, we calculate the gravitational potentialφ from the initial guess ofρ aŝ
where P 2ℓ is a Lgendre polynomial and f 2ℓ (r,r ′ ) is a function defined by
Simpson's scheme is used to calculate the integrals numerically. ℓmax is fixed as 2ℓmax = 40 in all numerical calculations in this paper. Next, we calculate the values ofĵ0 andK0. These values are determined in order to make the equatorial radius unity and the axis ratio q. First, we calculate the value ofK0 by solving the dimensionless form of the r component of the Euler equation (equation 5) with the equation of state (equation 19) on the rotational axis. The equations on the rotational axis are respectively discretized as follow:
A central difference was adopted in this numerical scheme. We start the integration at the centre of the star (r = 0). Since we have defined the dimensionless form of the central density in equations (18) and (20), the values ofρ1,1 andp1,1 are obtained by solving the discretized equations using the values of ρc andpc. Then, the values ofρ2,1 andp2,1 are determined using the values ofρ1,1 andp1,1. The integration is continued until the densityρi,1 becomes zero (ρi,1 = 0), and we obtain the value of the polar radiusr pol. after the integration. If the value ofr pol. is different from the value of q, we change the value ofK0 and restart the integration using a shooting-type method (Press et al. 1992) until we obtain the value ofK0 that makes the polar radius (r pol. ) q. Next, we calculate the value ofĵ0 by solving the dimensionless form of the r component of the Euler equation (equation 5) and the equation of state (equation 19) on the equatorial axis. The equations on the equatorial plane are discretized as follows:
The value ofĵ0 is determined in the same manner to make the equatorial radius unity. After the new values ofK0 andĵ0 have been obtained, the distribution of the angular velocity can be calculated using the dimensionless forms of equations (10) 
whererm, θm andρm arê rm = 1 2 (ri +ri−1) ,
ρm = 1 4 (ρi−1,j +ρi,j +ρi−1,j+1 +ρi,j+1) .
In this scheme, the value ofΩ (20) and (A15), we calculateρ1,3 andp1,3 by equation (A14). Next, we move to point 2 and obtainρ2,3 andp2,3 by using the values ofρ1,3 andp1,3 and equations (A14) and (A15). We can obtain the values ofρi,j andpi,j by using the values ofρi−1,j andpi−1,j . If the value ofρi,j orpi,j is zero, we search the location of the stellar surfacers(θ), wherers(θ) denotes the dimensionless radius in each θ direction. After calculating the location of the surface, we move to point 4 and continue the integration. After the integration on the rotational axis (point 6 in the panel), we have obtained new distributions ofρ andp and one iteration cycle is finished. In summary, the numerical iteration cycle of this method is as follows.
(i) Set the parameters (N , q) and fix the functional forms ofΩ 2 on the equatorial plane and the equation of state. (ii) Make an initial guess for the two-dimensional rotating baroclinic star. Calculate a one-dimensional spherical barotropic star for initial guesses of the iteration.
(iii) Calculate the gravitational potentialφ by using the distribution ofρ.
(iv) Calculate the values ofK0 andĵ0 via a shooting-type method in order to make the equatorial radius unity and the axis ratio q. (vii) Check the convergence of the system. Compare the new and old density distributions. If the relative differences between the new distributions and the old distributions are sufficiently small (e.g. smaller than ∼ 10 −4 ), the system is considered to converge well and the iteration cycle finishes as the rotating baroclinic star has been obtained in equilibrium. If the system does not converge, return to (iii) and start a new iteration cycle until the system converge.
